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Abstract

The basics of quantum mechanics with spontaneous localization (GRW
model) are rediscussed in the framework of a quantum stochastic process
introduced by Ford and Lewis and originated by instantaneous fuzzy space-
localization processes superimposed upon an otherwise reversible Schrodinger
time evolution.

PACS numbers: 03.65.Ca, 03.65.Ta, 03.65.Yz

1. Introduction

The GRW model consists essentially, in the introduction into the quantum formalism, of
a mechanism of spontaneous space-decorrelation during the time evolution of any system.
Decorrelation effects result practically absent for microscopic bodies and become instead
effective for macroscopic particles, where the attribute macroscopic is understood in terms
of the phenomenological parameters of the theory. As a consequence, quantum and classical
evolutions turn out to be reconciled.

In its first version the GRW approach has been formulated as a reduction model in terms of
an appropriate master equation for the time evolution of the quantum system statistical operator
p [1]. Strictly speaking, the space-decorrelation effects were obtained by multiplication of
the matrix elements of p in position representation by a Gaussian function, which, following
John Bell [2], we will call jump function.® The late John Bell also pointed out that a version of
the model in terms of a stochastic time evolution of wavefunctions instead of density matrices
was more appealing from a physical point of view and, at the same time, expressed some
doubts on the arbitrariness of the choice of a Gaussian function as the source of spontaneous
localizations in position.

The first remark by John Bell was particularly important, because, as is well known, a same
density matrix describes infinitely many different mixtures. Therefore, the vanishing of the
off-diagonal matrix elements in position representation of a statistical operator is not sufficient

* This work was supported in part by the Istituto Nazionale di Fisica Nucleare, Sezione di Trieste, Italy.
3 As a matter of fact, Bell called jump function the function multiplying the wavefunction. We extend here his
terminology.
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in itself to ensure the absence of space-correlations at the level of the pure components. It is
thus necessary that the reduction processes affect every component of the ensemble represented
by p.

As a matter of fact, the two remarks by Bell could be overcome [3] in such a way that the
theory turned out to be based on a process which happens at the wavefunction level. Such a
process obeys a set of general physical and mathematical assumptions whereby no particular
choice of jump function is necessary*.

In the same year when the GRW model appeared, Ford and Lewis [5], studying the
evolution of a stochastic system in the framework of quantum mechanics, introduced a
description of such a process in terms of fuzzy random-position measurements, ascribed
to the coupling of the system with an external heat bath. In order to show that the effects
of the repeated measurements always perturb the dynamics in the quantum case, the authors
introduced inequalities® for certain joint probability distributions that are always fulfilled by
classical time evolutions, being instead in general violated by quantum ones.

The analysis of the mechanism of violation [6] reveals its essential dependence on the
system correlations and upon their behaviour during the Schrédinger time evolution. Thus, it
is a natural guess that using the GRW evolution instead of the Schrodinger one should retain
the violation in the case of microscopic systems, when the decorrelation is negligible, and
eliminate it for macroscopic particles.

The aim of this paper is to review the results of [3, 6], revisiting the GRW model within
the framework of the Ford—Lewis quantum stochastic process [5] in a way that clearly shows
the spontaneous localizations in action.

2. Quantum mechanics with spontaneous localization revisited

The so-called quantum mechanics with spontaneous localization (GRW Model) is based on the
assumption that any particle, whether isolated or constituent of any physical system, besides
evolving through the standard Hamiltonian dynamics, is subjected at random times to spatial
localization processes. The basic requisites for the theory to work and be physically consistent
are:

(1) The localization effects on any normalized wavefunction 1 (g) correspond to a collapse
around the position g described as follows:

V(g) = V3(q) = ¢q(q)/ll¢gll. where  ¢;(q) = f(q — )V (q). 2.1
(2) The function f(x) is asked to enjoy the following mathematical properties:

(a) it has to be real and positive, with continuous derivatives;

(b) it has a local maximum at x = 0 and goes to zero for x — =£00;

(c) since in the process only the difference |¢ — g| is important, it must be a symmetric
function of g, i.e., f(x) must be an even function of x.

(3) The process in (2.1) is assumed to occur with a constant time probability density A, and
with a spatial probability density of occurring at point g given by
+00

||¢g,||2=/ dg 7 (q — DIy @) with/ dgllggl* = 1. (2.2)

—00 —00

4 This is strictly true for the discrete version of the theory we will use in the following. However, one can guess, as
discussed in [3], that it should be true also in the continuous approach [4], on the ground that the continuous reduction
process can be approximated as close as one wants by a discrete process.

5 These inequalities were termed of Bell-like type, despite the fact that they have nothing to do with non-locality
issues.
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In such a way the reduction probability is higher around points where quantum mechanics
predicts that there is a higher probability of localizing the particle. As a consequence,
one must impose the normalization condition

+00 ~
/ dgf?(q—q) =1. 2.3)
—0oQ0

Equation (2.3) entails that f(x) has the dimensions of the inverse of the square root of
a distance. In order to use adimensional variables and an adimensional function, we
introduce a constant & having the dimensions of the inverse square of a length, writing

flg—q) =o' flValg — ). (2.4)
Then equation (2.3) becomes
i Pag —x)=1. (2.5)

Itis thus easy to appreciate the physical meaning of the parameter «; since, by assumption,
f(y) goes rapidly to zero for large y, it follows that f(/ay) is significantly different from
zero only when y >~ 1/.,/a. Thus, the latter parameter represents the characteristic localization
length.

In passing to the formulation of the GRW theory for statistical operators p, we shall
denote by T'[p] the action of the process (2.1). Let p = |¥)(¥/|; since the spatial distribution
probability of the localization events is given by ||¢ || 2, the latter quantity represents the weight
of each component of the post-localization statistical ensemble described by T'[p]. Then we
get

(qITpllg") = /_ : dg g1V (@)¥a* (") (2.6)

(IT(pllg") = FlValg —q)Ngqlplq"), 2.7
where

F(Jax) = [ : dy fF()f (v + Vax) (2.8)

is a real, positive and adimensional function which is called the jump function.

Putting y' = y +4/ax into equation (2.8), one immediately sees that F is an even function
of its variable; also, using equation (2.5) one gets F(0) = 1.

Moreover, since f[+/a(q — q’)] is practically zero for |¢ — g'| > 1/4/c, equation (2.8)
shows that F[\/a(q — ¢’)] is different from zero only for |¢g — ¢'| < 1//a.

Further, being f (x) an even function of x, as shown in [3], the derivative of F' turns out to
be

dF +o0 df
d—=/ dy[f(y =x) = f(y+x)]——. 2.9)
X 0 dy

It follows that dF/dx|,—9 = 0. For x > 0, since |y — x| < |y + x|, being y € [0, +00),
the assumed properties of f ensure f(y — x) > f(y + x). Being moreover d f/dy < O for
y = 0, F(x) turns out to be a decreasing function of x for x > 0. Using the same arguments,
one can show that F'(x) is an increasing function of x for x < 0.

Concluding, the hypotheses (2) on the function f (whichever it be) make the function
F[\/a(q — q’)] an even function of ¢ — ¢’, having a maximum for ¢ = ¢’, and rapidly
decreasing for | — q'| = 2/4/a.
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The analysis of [3] shows moreover that almost all functions f(/ag) (defining the
jump function through equation (2.8)) having the mathematical features indicated above are
acceptable, reproducing exactly the same characteristics of the model. Being the efficiency of
the jump dependent only on the value of the parameter «, the choice of a Gaussian function
for f becomes a pure matter of mathematical convenience, and we will use it in the following.

Finally, using equation (2.6), the process p — T'[p] can be written explicitly as follows:
since

qITIpllg") = / dx f(vVag —x){qlplq’) f (Vg — x), (2.10)
one obtains
Tlol = / dx f(Jag — )pf (V&g — x). @.11)

where ¢ denotes the position operator (g (x) = xy¥r(x)).

3. Ford and Lewis approach
In [5] Ford and Lewis considered a one-dimensional system whose positions x; € R atdifferent
times ¢; form a stochastic process with joint probability distributions

Wxity, ..., x,t,) dx; ... dx,

for its position to be found inside intervals (x;, x; + dx;) at times #;, witht; <, < --- < t,.
That this is indeed the case is ascertained through fuzzy position measurements of finite
accuracy. The effects of the latter measurements are quite similar to those forming the basis of
the GRW model; localization within an interval /; at time #; amounts to the following process
on the system density matrix p(#;) at time r = t;,

p(ti) — / dx; (X — xi)p (1) (X — xi), (3.1
I;

where the operator « has the form

. 1 o
X —x) = —=e i, (3.2)
Vro?
and o; represents the experimental width of the ith measurement, i.e. its accuracy. In between
two subsequent fuzzy localization processes the system is assumed to evolve freely according
to the Schrodinger time evolution U (¢) and the processes in equation (3.1) are considered as
instantaneous with respect to U ().

By means of the operators
a(m) := Uty — 10)a (& = ) U (tw — 10), 3.3)

where U (t,, — o) is the time evolution operator, Ford and Lewis showed that the joint
probabilities can be written as

Wty ..., x,ty) = Tria(n) - - -a(l)p(tp)a(l) - - - a(n)}. 3.4)

This expression is the quantum counterpart of a distribution of a classical ensemble of tracks,
each having its own probability of occurrence. In such a case, it represents the fraction of
tracks subjected to the process (3.1) attimes t; <, < -+ < t,.
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In the classical case the joint probabilities obey three conditions:

(1) W(xlth ) xntn) > O;

(1)) W(xtq, ..., xit;, <. X, ce Xply) = W()C][l,...,thj,...,xili, ey Xanly);s
+00

(111) W(.X]t], cee 7xn—1tn—l) = / don(X]tl, cee 7xntn)'

—0Q

Condition (iii) is the marginal form of a more general relation

+00
Wit oo Xi—iti—1, Xigitieds - o Xnty) = / dx; W(xit, ..., Xath), (3.5)
—0oQ

which is valid if condition (ii) is fulfilled. In turn, the validity of condition (ii), which is a
symmetry condition, descends from the fact that a classical measurement can be performed
without disturbance for the free time evolution of the system, so that the time tracks are not
affected by position measurements. This is obviously not true in the quantum case (in fact,
the operators « (/) do not commute with each other), and therefore the symmetry condition is
not valid. As a consequence, condition (3.5) is no longer satisfied. Still, it remains valid in its
marginal form. This is due to the invariance of the trace under cyclic permutations and to the
fact that

1 +00 _ (q—w)?
/ dx,e @ =1. (3.6)
—00

Vro,?

Starting from these considerations, one can introduce typical inequalities in the following
way. Let the joint probabilities W (1, 2, ..., n) that the observable X takes values within finite
intervals /; at times ¢; be denoted by

W,2,...n) = / dx; . / dx, W(xit1, . .., Xuly). (3.7)
I I,
We denote also by W(l, 2,...,m,...,n) the probability that X takes values outside /,, at
time 7,,. Then, in the classical case, in which equation (3.5) holds, one has
WA,...om—1m+1,....0)=W({,....m,....0)+W(,...,im,...,n). (3.8)

Then, considering tracks with three measurements, one derives
W(2,3) = W(1,2,3)+ W(,2,3),
W(l,3)=W(,2,3)+ W(l,2,3), (3.9
W(l,2) =W(1,2,3)+ W(l, 2, 3).
Since the quantities W are positive, it follows that
W(1,3) < W(2,3)+ W(l,2). (3.10)

This relation is valid in the classical case, but not in the quantum one. Indeed, in the quantum
case, the last of relations (3.9) remains valid, but the first two are not satisfied, due to the
failure of relation (3.5) as a consequence of non-commutativity. Some extra conditions are
needed in order to satisfy classical laws, as, for example, the decoherence condition in the
decoherent histories approach [7].

This fact connects the above inequalities to Bell-like ones which are violated by quantum
mechanical systems. Only, there are no non-local correlations between spatially separated
systems here, rather quantum correlations between the positions of a same system at different
times.
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4. The Schrodinger case

Instead of taking into consideration inequality (3.10), we deal with a simpler but enlightening
case, which permits to clarify the different roles of the Schrodinger and of the GRW time
evolutions (see (5.1) below), avoiding too cumbersome calculations.

We study the violation of equality (3.8) in the particular case n = 2, i.e., in the case of
the Schrodinger evolution of a system represented at time #, by a statistical operator py and
subjected to only two measurements at times #; and #,, with #; < f,. In particular, we will
focus upon the difference

D=W®) —[W1,2)+Wd,2)]. 4.1

We denote by Etsft, the Schrodinger time evolution, with Hamiltonian H = f)zﬁ, sending
p* (') into p(1),

p5(0) = 5 1051 = e T H (=) pS(ry ei (=), 4.2)
and by T? p the effect of the measurement around z with accuracy o,
T?[pl = a(@ — 2)pa(q — 2), (4.3)

where a(q — z) is given by equation (3.2). Then, equation (3.7) with n = 2 explicitly reads
WQ) = | doT{T2oxS_, [p5t)1} (4.4)
I
and
- ~ _ +00
W(,2)+Ww(d,2) = / dx2/ Aoy Tr{TZ o 25, o TZ' P51}, (4.5)
12 —0oQ

Using equation (4.4) a simple calculation gives

~ 1 +00 7('1—«*22)2 . .
W) = - / dx, [ dge 7 (gle”nH "m0 pS (1) en =7 |g)
7T02 I —00
1 +00 _(f/*»vzz)2 s
= [ we T @i (4.6)
JTOo) I —00

In order to calculate explicitly the quantity W(1,2) + W,2) through equation (4.5), the
following relation makes the procedure straightforward. Using equations (4.3) and (3.2) we
obtain

1

~ (g1 —x)? )2
(@ |T¢ [pllg2) = e @@= g1 plgy)
TTOp
1 _@-a)? S (a2
= =e we 2 2 {qilplg). 4.7
TTO)
It follows that
00 . _(q]*flz)z
(g1l / dx T7[pl ) lg2) = e =7 (q1lplqa)- 4.8)
Introducing a delta function § (¢ — g; + ¢2), one obtains
+00 +00 ﬁ
(g1l (/ dx Tf[p]) lg2) = / dgé(q — q1 +q2) e+ (q11plq2) (4.9)
—00 —0oQ
1 +00 +00 2
=57 dP/ dg e a2 en =M (g | plg), (4.10)
—0Q —00
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whence integration with respect to ¢ yields

+00 0,2 +00 _ﬁ ;
(a1 ( f dx Tf[p]) 62) =/ — / dpe™ # en? L7 (q|plgn)
—00 —00

o? oo o2p? i i
= W/ dpe  # (qile " pertl|q,). (4.11)
—00
Therefore, one finally gets

+00 0'2 +00 o2p?
/ dx T7[p] = _2/ dpe i e iPipeiri, (4.12)
—00 wh —00

We note that equation (4.12) is valid independently of the type of evolution which the p-matrix
is subjected to in between two subsequent fuzzy localizations. Inserting equation (4.12) into
equation (4.5), one obtains

W(1,2)+W(,2) = \/ /dxz/ ) Tr{T"zoEi L5y ei )]}
6}

(4.13)

Further, since it was assumed the time evolution U (¢) to be generated by the free Hamiltonian
H = ﬁ p?, the commutation relation

il ) A i )
et P e 1Pl — o= Pl o~k (P—P) (4.14)
yields
_i i pip—1)) _ippm) s i
z}g ll[e WP (tl)eﬁ”q]—e T Pzg tl[p (t))]e + 3 Pemibl, (4.15)
Thus, using equation (4.14), the fact that
G- ) [ plig=ty) \2
o plip=ty) o pin—1) »  ——5(q—Xx3— =)
e 1 ern owm P=eiw Pe ¥ " (4.16)

and the group composition law Zh n [,oS ()] = pS (t2), one gets

Te{T2 0 £5_, [e 71 p5 (1) er?]} = Tr [T e o [P (@)1} (4.17)

X

Therefore equation (4.13) becomes

- - 02 +00 o ,) S
Wa,2+Wd,2) = — Izdxz - (17, [P @]}, (4.18)

Finally, integration over the variable p yields

W12+ W(1,2) = /dxzf dge 2 g5 w)lg). (4.19)
12 —0oQ0

2
X5

/ Rty — 1)
22 = 0'22 + # (420)
1

By rewriting equation (4.4) as

where

W2 = | duTe{T20%1)1), 4.21)
163
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comparison of equations (4.6) and (4.19) allows one to rewrite

W(1,2)+W(1,2) = | doTr{T>[p%®)])]. (4.22)
6]
Thus, one sees that equation (4.22) differs from equation (4.21) in that the fuzzy localization
at time t, is performed with accuracy X, instead of o: this is the only effect brought about
by the action at ¢+ = ¢, of the non-selective fuzzy localization process with accuracy o.
We now proceed to a detailed investigation of the difference D in equation (4.1) between
the probabilities of the system being localized within 7, when the non-selective process at #;
occurs or not. This difference vanishes in two cases:

e if I > ¥, in fact in this case the integral over x; can be extended from —oo to +00, and
equations (4.6) and (4.19) reduce both to Tr{p5(t,)} (i.e. to 1). This happens since in the
case I, > ¥, the measurement at time ¢, is not effective;

2
o if % < 022, the physical meaning of this condition will be clarified in the following.

5. Joint probabilities and GRW evolution

Owing to the peculiarity of the QMSL evolution, using it instead of the Schrédinger one, the
quantity D should turn out to be different from zero only in the microscopic case.
To see if this happens, we examine the behaviour of the difference D in the case of the

GRW evolution, given by the equation

W i —ap—T 5.1

o = el {p=T(p)} (5.1
Equation (5.1) implies the existence of a map X ,, defined for t' < t.0 Contrary to X, _,,,
it satisfies the relation ¥} , = £} ¥4 , only for ordered times " < ¢ < t. This is due
to the fact that the evolution is irreversible, and, as such, equation (5.1) pertains to the class
of the so-called quantum dynamical semigroup equations. We take then into consideration
equations (4.5) and (4.6), substituting EZS_I, with Et)‘_t, and calling p* (¢) the statistical operator
evolved by 7. Owing to the discussion of section 1, we are free to choose the jump function
which is more convenient from the mathematical point of view. It has been shown [9-11] that,
if we use the Gaussian function introduced in [1], in all cases in which the Hamiltonian is at
most quadratic in the position and momentum coordinates, the solution of equation (5.1) can
be written as

A N

pH(6) =2}, [0 (t0)] = / dx d& dp drr e3P B (E, 1 — 1)
R4

27 h?
% ehi(xﬁfpé) e*,ilH(t*To)p(to) e%H(tffo) e*%(xﬁfpt?)’ (5.2)
where the modulating function in the integral is positive and reads

o B T orm 2
FY(&, 7, 7) = exp (—A{r—/o ds exp (—Z[Z(t—s)—é] )}) (5.3)

In this case equations (4.6) and (4.21) become

W@ = [ aamn(rziwi) (5.4)
6!

6 The linearity of the map and the stochastic character of the evolution ensure that the model is not affected with
faster than light signalling (see [8]).
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+00
wW1,2)+w(d,2) = / dx2/ de; Tr{TP o 25, o T [p* (1)1} (5.5)
12 —0Q

Since, as already remarked, equation (4.12) holds independently of the time evolution in
between subsequent fuzzy measurements, equation (5.5) becomes

~ ~ 2 +00 o12p2 . P
wW1,2)+w(d,2) = /%/I de/ dpe % Te{T3 o 2}, [e7779 p* (1)) eiP7]}.
2 —00

(5.6)

A calculation similar to the one in the Schrodinger case yields
{7z o B, [t ) et ]} =TT, 0 S LR, (57

This is exactly the same relation which is valid in the Schrédinger case whence, since the type
of evolution has no effect on the calculation, the result is

W(1,2)+VTI(T,2)=/dszr{Tx?[pA(zz)]}. (5.8)
5]

Observe that equations (5.4) and (5.8) differ from equations (4.21) and (4.22) in that p* (%)
has taken the place of p5(t,). Therefore, the conditions for the difference D to vanish are
equal to the first two ones obtained in the Schrodinger case, i.e. I, > ¥, and F’(Z—;") < 09.
As a consequence, the effect of the GRW time evolution comes to the fore only if we are able
to make explicit the dependence from the different evolutions of the p-matrices. Before doing
this, a comment is necessary on the sufficient condition

h(t, —t
(t 1)<<

mao

0. (59)

Physical considerations suggest that D can vanish only if the spread in position produced
by the fuzzy non-selective measurement at time #; cannot be revealed by the subsequent fuzzy
position measurement at time #,. One thus argues that this may happen only if that spread is
smaller than o, at time #,. An indication whether this is the case or not comes from calculating
the mean square-deviation,

(Ag);, =4, — (@)1 (5.10)
where
+00
(") = / dn Te{ " Sy o T2 [()]), (5.11)
—00
>, — being either 2}2_,1 or Zg_tl. The explicit calculations in [6] give
o L[t —1) 7]
(Ag);, =Tr{(G — (@)’ p(t)} + > [— . (5.12)
mao

where p(t,) is the density matrix evolved up to time #, either by the Schrodinger or by the
GRW time evolution. In equation (5.12) the spreading effect of the dynamics appears clearly
separated from the one due to the fuzzy measurement at time #;, which amounts to the second
term at the rhs,

o 1 h(t, — 1)
V2 mop
and is independent from the dynamics. Then, D can be zero only if Ag is smaller than oy,
which leads exactly to condition (5.9).

Agq (5.13)
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6. The Gaussian case

In order to study in detail how the two types of evolution play a different role in shaping the
time behaviour of the joint probabilities, we assume that the system under consideration is
prepared at # = 0 in a Gaussian wavefunction centred around a point go:

1 i 2
(gl = S — e a7 ©.1)

VA2
We first consider the system evolving in time according to the Schrddinger evolution; then,
the diagonal matrix element of p in position representation in equations (4.6) and (4.19) turns

out to be

_in g 2

(a1p® )lg) = (g () (W ()lg) = |{gle 737 [y)[". (6.2)

The use of a Gaussian wavefunction is particularly convenient due to the fact that it remains
Gaussian under the Schrodinger time evolution:

1 — LG’ n*t}
(@10 (2)lg) = e T A=A 6.3)
T A% m=A
Inserting equation (6.3) into equations (4.6) and (4.19), integration over ¢ yields
~ — i (2 —q0)’
W) = A (6.4)

1
—/ dse
J7 (03 +A3) It

~ ~ _ 1 1 (xt—qp)?

WA, 2)+WI,2) = —— [ deye B0 (6.5)

JT(Z3+A%) 0

where X, is given by equation (4.20). Comparing equation (6.4) with equation (6.5) shows
that the sufficient conditions for D = 0 are now

| EPe— " (t, — 1)? h2t2
2 2 2 2
12 > 22 + AZ = \/0'2 + m2—o—12 + A2+ 22 (66)
R (ty — 11)?
e — 1) o2 ©6.7)
m O'l
722 2 (t, — 1)?
AT+ —2 6.8
m2A2 mzol2 (6.8)

The first condition is satisfied when the fuzzy localization interval far exceeds the
spreading in position at time #, so that, in the integration, one can assume I, >~ R. If
the first condition is not fulfilled, the second one corresponds to the impossibility that
the spread due to the fuzzy measurement at time #; be felt by the fuzzy measurement at
time f,. Finally, if also the second condition is not fulfilled, D can nevertheless vanish
because the spreading due to the fuzzy measurement at time #; is blurred by the spreading due
to the Schrodinger time evolution as embodied by the last condition above.

Let us now consider the GRW evolution. Equation (5.2) gives

1 Lgx—p o xp—pg 2
(qlp*()lg) = Wﬂdxdédpdneﬂ POFEE, 7, 1) (gl en P PPy (1)) |
R

=0 fR drdgdpdr P&, m )l g + XY ()] 6.9)
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Using the §(£) arising from the integration over p, we obtain

+
1 — 2z (q+x—qo)?
c 2

NETN

Inserting this expression into equations (4.6) and (4.19) (that are valid also for the GRW
evolution, in which case p5(1,) is replaced by p”(t,)), one finally gets

o0 +00 i
dx / dr er™ F (0, 7, 1)
—00

— 6.10
27h J_o ( )

(qlp*()lg) =

~ 1 +00 a3 5
W) =— de/ dpFf (0, 7w, 1) e w2 7 en@o—xr, (6.11)
Iz —0Q
~ ~ 1 +oo A%*z% 2
W(1,2)+W(l,2) = s dxzf dpFr(0, 7w, 1) e w2 P ein@0—x2)p, (6.12)
T 12 —0Q0

We remark that for « = 0 (i.e., no spontaneous localization process) equations (6.11) and
(6.12) become equal to equations (6.4) and (6.5), respectively, as must be. The sufficient
conditions for D = 0 become /; > ¥, and inequality (6.8).

Suppose now D # 0 in the case of the Schrodinger evolution; this means that conditions
(6.6)—(6.8) are not satisfied, i.e., 5 is not greater than v X3 + A3 and

W2 (t, — 1)?
Pt = )7 ~ o2, (6.13)

- WL g2 (6.14)

In such a case, for the GRW evolution, equations (6.11) and (6.12) give

+00 o2 o2 .
ID| = /dxzf dpF (0, p, zz)e‘ﬁpz(l —e‘ﬁf’z)eﬂ%—xz)ﬂ . (6.15)
12 —0oQ0

1
2mh
o2
Direct inspection of equation (6.15) indicates that | D| differs from zero only if 1 — e #” and
e " are significantly different from zero. This happens if p > 2k /0, and p < /2h/oy,
ie. for p ~h/os.
Without too much restriction, one can assume o; ~ o, = o, whence equation (6.13)

gives
[h(t, —t
o ~ (2 l)‘ (6.16)
m

For a microscopic system with m = 1072*g and for a reasonable time interval between
subsequent fuzzy measurements of the order of 10~3s one obtains the physically reasonable
value

o~ 1073 cm. (6.17)
However, if the system is macroscopic, with N ~ 10%* so that its mass m >~ 1 g, then
o1 =05~ 10" P cm, (6.18)

a constraint that would ask for a localization accuracy smaller than the atomic dimensions,
clearly an unfeasible condition.

Therefore, in the microscopic case D may be seen not vanishing and thus classical
behaviour excluded both under the Schrodinger and GRW time evolutions. On the other hand,
for macroscopic particles, D may be seen not to vanish in the case of the Schrodinger time
evolution by choosing physically reasonable fuzzy localization accuracies, while these latter
get out of reach if one pretends to expose D # 0 when the time evolution is of GRW-type.
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7. Conclusions

The preceding analysis is a nice example of how the GRW mechanism works in the case of the
evolution of a one-dimensional quantum system subjected to random position measurements.
For such a system the related joint probabilities are linked by conditions valid classically, but
violated by quantum mechanics. This fact allows one to derive a sort of Bell inequalities,
fulfilled in the classical case, but violated in the quantum one. If the GRW model replaces the
standard Schrodinger time evolution, it happens that these Bell-type inequalities can always
be violated if the system is microscopic, exactly as in standard quantum mechanics; on the
contrary, they cannot be violated in any reasonable sense by a macroscopic particle whose
behaviour can in this respect be considered classical.
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